Abstract: The thermodynamics of black holes is shown to be directly induced by their near-horizon conformal invariance. This behavior is exhibited using a scalar field as a probe of the black hole gravitational background, for a general class of metrics in D spacetime dimensions (with D ≥ 4). The ensuing analysis is based on conformal quantum mechanics, within a hierarchical near-horizon expansion. In particular, the leading conformal behavior provides the correct quantum statistical properties for the Bekenstein-Hawking entropy, with the near-horizon physics governing the thermodynamics from the outset. Most importantly: (i) this treatment reveals the emergence of holographic properties; (ii) the conformal coupling parameter is shown to be related to the Hawking temperature; and (iii) Schwarzschild-like coordinates, despite their "coordinate singularity," can be used self-consistently to describe the thermodynamics of black holes.
Introduction
The well-known results of black-hole thermodynamics have been confirmed by a long series of analyses during the past three decades [1] . Among these properties, the most remarkable are the universality of the Bekenstein-Hawking entropy S BH = A/4, proportional to the area A of the horizon (in Planck units) [2] , and of the Hawking temperature T H , with its associated thermal radiation [3] . These universal features constitute profound statements that point to the existence of an underlying quantum theory of gravity. In this regard, a seminal development has been the successful statistical-mechanical derivation of S BH from string theory [4] and loop quantum gravity [5] , with calculations that display explicitly the degrees of freedom responsible for the entropy. Of course, these quantum-statistical computations rely on specific models for quantum gravity, thereby verifying a remarkable robustness of the thermodynamic results. In short, the entropy and temperature appear to be independent from the details of the final theory whose statistical counting of states yields S BH , given certain generic requirements for the onset of quantum gravitational physics at the Planck scale.
With these ideas in mind, it is of great conceptual interest to develop an alternative, model-independent approach capable of providing enhanced insight into the mechanism for the emergence of black hole thermodynamics from the quantum excitations of a black hole. Ideally, such an approach should be based on the properties and symmetries of the black hole itself, which appear to be fundamentally determined from the existence of an event horizon [6] . These features manifest themselves in two major categories: (i) the relationship between the entropy and the horizon area, and the related existence of entropy bounds for physical systems; (ii) the emergence of a conformal symmetry near the horizon.
In the first category, the intriguing entropy-horizon connection has naturally led to the conjecture that the horizon encodes the quantum properties of a black hole [7] . Moreover, within a generalized context, these ideas have led to the holographic principle [8] and the AdS/CFT correspondence [9] . One of the most insightful schemes attempting to spell out this connection is 't Hooft's brick-wall model [7] . This approach and the related thermal-atmosphere proposal of Ref. [10] show that the black-hole entropy arises from a "Planck-length skin" surrounding the event horizon [7] .
In the second category, the neighborhood of the event horizon displays a form of conformal symmetry described in terms of an SO(2,1) ≈ SL(2,R) Lie algebra [11] . This invariance of the theory has been conceptualized in a number of ways [12, 13, 14] , and generalized to its supersymmetric extensions [15] . In particular, it has been used to describe the existence of horizon states [16, 17] , in preliminary analyses of the thermodynamics [17] , and in its relation to the Calogero model [18, 19] . However, the most suggestive approach is that of Refs. [13, 14] , which seem to uncover profound connections between thermodynamic properties and the underlying near-horizon conformal field theory.
In this paper we establish a generic framework that combines the main features of the two major categories described above. In particular, within our approach, we use 't Hooft's brick-wall model as a convenient renormalization procedure, which is induced by the existence of a conformal symmetry. In this framework we trace explicitly the origin of the entropy to the neighborhood of the horizon. Most importantly, we take the view that the conformal SO(2,1) symmetry has all the necessary ingredients to characterize completely the emergence of black-hole thermodynamics. Specifically, we derive the Bekenstein-Hawking entropy directly from the effective theory that describes the SO(2,1) near-horizon symmetry: conformal quantum mechanics. This procedure requires an appropriate renormalization of the limiting effective theory, which is a particular case of singular quantum mechanics, with a natural cutoff of the order of the Planck length. Therefore, this paper further supports the fundamental notion that the quantum-mechanical degrees of freedom of a black hole appear to reside on its event horizon and should be provided by a quantum gravitational theory arising from the Planck scale.
Throughout the paper we adopt the metric conventions of Ref. [20] in conjunction with natural units = 1, c = 1, and k B = 1; by contrast, the D-dimensional gravitational constant G (D) N is displayed in appropriate expressions, especially in Sec. 6. In Sec. 2 we set up the problem within a generic description of a quantum field in the gravitational background. In Sec. 3 we study the near-horizon behavior, including its symmetry properties. In Sec. 4 we present the general framework for the computation of thermodynamic properties, including a selection of the Hawking temperature within conformal quantum mechanics. In Sec. 5 we show explicitly the details of the entropy derivation and conclude that a regularization is needed. In Sec. 6 we provide this regularization in a geometric manner with the aid of the brick-wall model. After the conclusions in Sec. 7, in Appendix A, we summarize useful mathematical results based on Sturm oscillation theorems.
Quantum Field Theory: Probe of the Gravitational Background
The remarkable conjecture that the horizon encodes the quantum properties of a black hole [7] can be tested by considering a quantum field as a probe of the gravitational background. This central idea can be revealed by showing that the near-horizon conformal symmetry governs the leading statistical and thermodynamic behavior inherent in the Bekenstein-Hawking entropy and the Hawking temperature. Even though these properties should obviously hold for arbitrary species of particles, they are understood most easily for the particular case of a scalar field and a spacetime dimensionality D ≥ 4. In this context, we start by considering a scalar field Φ with action
describing its coupling to the background metric g µν through its covariant derivatives ∇ µ Φ and possibly including a coupling to the curvature scalar R, with parameter ξ. The basic setup introduced in this section will be needed for the remainder of the paper. This setup consists of three major building blocks: first, the properties of the background metric; second, the classical field equations; and third, the quantization of the theory. Most importantly, our analysis is specifically tailored for static spacetimes that possess event horizons.
Metric
In principle, our results could be appropriately generalized to axisymmetric stationary spacetimes, but the properties of static spacetimes considerably simplify our analysis. Thus, we assume the existence of a timelike Killing vector field that is hypersurface orthogonal [21] . For such static spacetimes, there exists a coordinate frame in which the timelike coordinate t is adapted to the Killing vector ξ = ∂ t , and for which the metric takes the form
where g 00 ( x) and the spatial metric γ ij ( x) are time independent.
In addition, we assume the existence of an event horizon, the neighborhood of which plays a pivotal role in the behavior of the fields defined by Eq. (2.1). Under generic conditions, such spacetimes are also spherically symmetric, at least in four spacetime dimensions [22, 23] . Consequently, we consider a family of static D-dimensional spacetime geometries (with D ≥ 4) described by the class of metrics
where dΩ 2 (D−2) stands for the metric on the unit (D − 2)-spheres S D−2 , which foliate the spacetime manifold.
The metric (2.3) covers a wide range of black-hole solutions, including the whole family of spherically symmetric Reissner-Nordström (RN) geometries in D spacetime dimensions [24] , and is related to stringy black-hole solutions with additional charges [25] . Throughout the paper, our general expressions will be illustrated for the particular case of an RN black hole of mass M and electric charge Q, for which the factor f (r) in Eq. (2.3) becomes
In Eq. (2.4) the characteristic length scales are given implicitly by (
N in D dimensions (with the right-hand of Einstein's equations being 8πG
em is such that the right-hand side of Maxwell's equations is given by
em J µ . For the geometries described by Eq. (2.4), the absence of cosmological horizons and the asymptotically-flat nature of spacetime at infinity make the near-horizon analysis particularly simple. However, one could further generalize the result of Ref. [24] for Eq. (2.4), by considering combinations of Schwarzschild or Reissner-Nordström with de Sitter geometries. Then, in terms of a cosmological constant Λ, Eq. (2.4) is generalized to
] (where the extra term reduces to the familiar −Λr 2 /3 in four spacetime dimensions). In such cases, for the techniques used in this paper to work, one needs an appropriate separation of scales with
where r + is the largest root of Eq. (2.4).
It should be noticed that, in a broad sense, the spacetimes defined by the fairly general class of metrics (2.3), with f (r) = 0 on the horizon, are natural generalizations of the Schwarzschild metric. Our approach is centered on the analysis of the fields in the neighborhood of the outer event horizon at r = r + , employing the particular set of generalized Schwarzschild coordinates (t, r, Ω). In the cases with Λ = 0, our near-horizon construction is still be focused on the dynamics of the fields for r r + , with the cosmological horizon being sufficiently far away (R Λ ≫ r + ). Due to the existence of a Schwarzschild-like coordinate singularity at the horizon, the use of this coordinate frame is usually avoided. However, as we show in this paper, this singular choice offers the advantage of displaying the conformal quantum-mechanical symmetry from the outset. Surprisingly, this unusual selection gives additional insight into the emergence of black-hole thermodynamics.
Field Equations
We first consider the Euler-Lagrange equation satisfied by the scalar field in the black-hole gravitational background,
which will be used (in the next subsection) to define an appropriate complete set of orthonormal functions for the quantum field theory. For a metric of the form (2.2), the Klein-Gordon equation (2.5) reduces to 
where the primes stand for radial derivatives, while ∆
and σ ab (Ω) are the Laplacian and the metric on S D−2 , respectively. As the presence of first-order derivatives obscures the physical interpretation of Eq. (2.7), a Liouville transformation [26] Φ(t, r, Ω) = χ(r) ϕ(t, r, Ω) , (2.8)
can be conveniently performed by means of
The particular transformation defined by Eqs. (2.8) and (2.9) reduces Eq. (2.7) to its normal or canonical form 10) with the function J (D) (r) given by
where
is the radial component of the Ricci tensor for the metric (2.3). Even though both R and R rr are zero for the vacuum Schwarzschild geometry, it is necessary to keep all the terms in Eq. (2.11) for the more general class of metrics (2.3) . This is due to the fact that nonzero values of R or R rr arise for some of the nonvacuum solutions in the presence of charges (electric or otherwise); an example of this is afforded by the Reissner-Nordström geometry [27] of Eq. (2.4). The function (2.11) will be further analyzed in the next subsection.
Mode Expansion and Reduced Quantum Mechanics
The quantum field operator Φ, defined by the action (2.1), admits an expansion in Fourier modes. This expansion can be expressed in its usual form for static spacetimes, due to the separability of Eq. (2.7). This property is best described in terms of the Lie derivative with respect to the Killing vector ξ by
for positive-frequency modes Φ ω = φ nlm (r, Ω) e −iω nl t , and by the corresponding conjugate relation for negative-frequency modes. The modes can be generally labeled with (nlm), where n corresponds to the radial problem and (lm) stands for the set of angular-momentum quantum numbers, with l being the total angular momentum and m a set of (D − 3) additional angular-momentum labels. The discrete nature of n can be established by enclosing the system in a spherical box; even though this is not a mandatory condition, it simplifies considerably the analysis of modes leading to thermodynamic potentials. Then, the expansion in generalized Schwarzschild coordinates (t, r, Ω) is
For each mode, the occupation number ν nlm gives the corresponding number of particles, while the creation and annihilation operators satisfy the canonical commutation relations 16) which effectively implement the quantization of the theory. In particular, the states on S D−2 , which satisfy the equation
for an arbitrary choice of angular coordinates Ω a (a = 1, . . . , D − 2) and metric σ ab . The assumed spherical symmetry of the gravitational background (2.3) implies that both l(l + D − 3) and ω = ω nl are independent of the angular-momentum quantum numbers m.
In particular, the multiplicity g l of the eigenvalue in Eq. (2.18) is
Then, a complete set of orthonormal solutions reads 20) where the Liouville transformation factor (2.9) is used to reduce the radial equation to its normal form u
for every particular frequency ω nl . In Eq. (2.21), the function I (D) (r; ω, α l,D ), which will play a crucial role for the remainder of this paper, is given by
where ν is given by Eq. (2.12) and ∼ ω 2 − m 2 ; however, when the Schwarzschild coordinate r is finite, additional terms in Eq. (2.22) play the role of effective interactions at the level of the effective Schrödinger equation (2.21). Third, the terms in Eq. (2.22) have been rearranged to highlight their physical interpretation: the first, frequency-dependent, term essentially leads to the SO(2,1) conformal interaction in Schwarzschild coordinates, as will be shown in Sec. 3; the second term represents the combined mass and curvature coupling; the third one is the contribution from the Ricci tensor; the fourth one is the angular-momentum term; and the fifth one provides a dimensionality potential arising from the Liouville transformation. Finally, it should be noticed that the only dependence of I (D) (r; ω, α l,D ) in Eq. (2.22) upon the dynamical degrees of freedom of the field arises from the angular-momentum term α l,D /(f r 2 ); for this reason, the angular momentum will play a special role in the near-horizon expansion of the next section. Specifically, as we will see next, the effective interactions induced by the metric are dominated by conformally invariant terms near the horizon, in addition to the angular-momentum term. In essence, it is the interplay between these leading terms that completely determines the thermodynamics.
Incidentally, an alternative, equivalent quantum-mechanical reduction can be obtained directly at the level of Eqs. (2.7) and (2.10). In these equations, the angular-momentum degrees of freedom appear as derivative operators rather than in the effective potential (2.22). Thus, Eqs. (2.7) and (2.10) differ from Eq. (2.21) in the way in which the angular momenta or angular derivatives are handled. In Sec. 5 an approach based on Eq. (2.21) is developed within a semiclassical framework, while the alternative semiclassical method derived from Eq. (2.10) will appear in Ref. [28] .
Near-Horizon Conformal Behavior
The conformal symmetry of the near-horizon physics can be studied in a number of ways. In this section we show that the relevant information for black hole thermodynamics appears to be already available at the level of a particular form of conformal quantum mechanics, defined by the near-horizon limit of Eq. (2.21). As we will see, the singular nature of conformal quantum mechanics provides the necessary characterization of the remarkable thermodynamic properties of a black hole, with a conformal parameter Θ that will later be shown to reproduce the correct value for the Hawking temperature.
We assume that, as we consider the r = constant hypersurfaces and decrease r gradually from asymptotic spacelike infinity, we eventually reach a value r = r + for which the hypersurface is null. As ∂ µ r is normal to these hypersurfaces, the inverse metric element g rr = g µν ∂ µ r∂ ν r vanishes, so that
Such a hypersurface is a boundary where ingoing timelike paths cannot go back to infinity; thus, it is an event horizon H. Therefore, in our approach, we will identify the roots of the equation (3.1) and will select the largest one, defining H and leading to the analysis of the behavior of the fields in its neighborhood. Thus, we begin our construction by considering the behavior of Eq. (2.21) near the horizon H, r ∼ r + , with r = r + being the largest root of the scale-factor equation f (r) = 0. This behavior can be systematically revealed by means of an expansion in the shifted variable
so that the Taylor series for the scale factor f (r) starts at first or higher orders. According to the usual classification of Reissner-Nordström metrics, the nonextremal case, defined by
and the extremal case, characterized by f ′ + = 0, have to be dealt with separately. Clearly, as the nature of the Taylor series expansion is modified, the corresponding "effective interactions" are also qualitatively different. Because of the known subtleties involved in its analysis [29] , we do not pursue the extremal case in this paper; thus, we will henceforth focus our attention on the case singled out by the condition (3.3).
As a second step, we consider the relevant expansions of f (r) and its derivatives,
where f ′′ + ≡ f ′′ (r + ) and the notation (H) ∼ is used to represent the hierarchical expansion about the horizon. Consequently, the various terms in Eq. (2.22) can be reduced with the
∼ r + ; in each one of these factors, the corrections are multiplicative and of the order [1 + O(x)]. As a result, the leading orders of each one of the terms on the right-hand side of Eq. (2.22) become
then, the leading terms in Eq. 
and, by abuse of notation, we have replaced u(r) by u(x). Equation (3.6) indicates that dominant physics near the horizon can be interpreted as driven by the effective interaction
which corresponds to a one-dimensional effective Hamiltonian H = p 2 x − λ/x 2 . This is the well-known long-range representative of conformal quantum mechanics [30] . Moreover, Eq. (3.7) shows that such an effective system is placed in the strong-coupling regime, thus experiencing the characteristic pathologies of singular quantum mechanics. As we will see, these pathologies will lead to a divergent contribution to the density of states that governs the thermodynamics.
The Hamiltonian associated with Eq. (3.8), in addition to being singular, shows that the near-horizon physics exhibits an asymptotic conformal symmetry. More precisely, the effective quantum mechanics of the field is invariant under the most general combination of "effective-time reparametrizations," where the effective time τ is the conjugate variable associated with this Hamiltonian H. The resulting symmetry involves the time translations generated by the Hamiltonian H, the scale transformations due to the dilation operator D ≡ tH − (p x x + xp x ) /4, and the translations of reciprocal time generated by the special conformal operator K ≡ 2tD − t 2 H + mx 2 /2. These operators form a noncompact SO(2,1) ≈ SL(2,R) Lie algebra [11] [
which summarizes the near-horizon dynamics of the field in Schwarzschild coordinates. As we will see in the next few sections, the interaction (3.8), which is fully characterized by the symmetry algebra (3.9), appears to carry all the relevant information for the thermodynamics.
The apparent simplicity of Eq. (3.8) hides one important analytical fact: it has completely erased all information about the angular-momentum variables-a condition that may limit our ability to compute thermodynamic functions. As we will see, the calculation of the entropy (Sec. 5) requires knowledge of this additional dependence upon the dynamical degrees of freedom, which is given by the "angular-momentum term" α l,D /(f r 2 ) in Eq. (2.22). Thus, to uncover this additional dynamical information, we have to generalize Eq. (3.8) and include explicitly the leading order with respect to angular momentum as well. As a result, the expansion orders on the right-hand side of Eq. (2.22) have to be revisited and classified with respect to α, in addition to with respect to x. This generalized expansion is straightforward, because the angular momentum appears in only one term in Eq. (2.22), which is linear in α (thus requiring no further expansion); consequently,
In the original form of Eq. (2.22), as well as in the hierarchical expansion (3.10), one can see the reason for the necessity to keep track of this additional angular-momentum dependence. While all other terms in Eq. (2.22), become negligible for sufficiently small x, the peculiar term α l,D /(f r 2 ) can become comparable to the leading order x −2 in Eq. (3.10), for sufficiently high values of α l,D . In other words, for sufficiently high angular momentum l, the near-horizon expansion needs to be supplemented by an angular-momentum contribution of order x −1 . This additional term is a sort of instruction providing a cutoff that carries the necessary phase-space information for the statistical counting of degrees of freedom of Sec. 5 and leads directly to the holographic property that the entropy is proportional to the area A of the horizon.
In short, Eq. (3.10) shows that the angular momentum decouples from the conformal interaction (3.8) in the near-horizon limit. This is a feature of the conformal interaction induced from the curved spacetime metric (2.3), and which places this physical application of conformal quantum mechanics in a class of its own [30] .
Incidentally, an alternative procedure can be established by considering Eq. (2.10), where the angular-momentum variables are not included in the effective potential. The other effective interactions are contained in J (D) (r) and given by Eq. (2.11). Thus, instead of Eq. (3.10), one would simply have the near-horizon term
The details of this procedure are further discussed in Sec. 5 and will be fully developed in Ref. [28] .
Thermodynamics
As is well known, in the presence of the black hole gravitational background, the field Φ settles into thermal equilibrium at an inverse temperature β = T −1 . The anticipated thermodynamic analysis can be implemented by assuming that this equilibrium has been established. Accordingly, in this section, the temperature T is treated as a free parameter. The validity of the purported existence of thermal equilibrium, as well as the Hawking temperature T = T H , will be further justified towards the end of this section.
Thermal Averages and Spectral State Functions
The central concept that allows us to develop the statistical mechanics of the field Φ is the existence of thermal averages in the metric (2.3)-a condition that is equivalent to the assumed thermal equilibrium. In particular, in the canonical ensemble, the free energy F can be derived from the partition function according to the familiar results
in terms of the normal-ordered Hamiltonian Once the field-theory content has been properly defined, the associated statistical mechanics is developed from Eq. (4.1), which implies a free energy of the form 4) in which a transition to a continuous frequency description is implemented in the thermodynamic limit. In this transition, one can define the spectral number of states function or cumulative number of states (up to frequency ω) 5) in which θ(ω) stands for the Heaviside function. A related spectral function, the density of states, is given by
Then, the number of modes {nlm} within a frequency interval dω becomes dN (ω), and this permits the replacement n,l,m → dN (ω) = dω g(ω), with the allowed frequencies ranging from zero to infinity. This replacement can be used systematically as in Eq.(4.4) and applied to all thermodynamic functions. Despite the apparent familiarity of these expressions, a subtlety is involved in the correct interpretation of N (ω) and g(ω), as we will show next. The evaluation of Eq. (4.4) and of other thermodynamic functions requires an algorithm for the calculation of N (ω) and g(ω). A straightforward approach is provided by the field equation (2.21), which yields all the states or modes {nlm} whose appropriate ordering leads to the prescription (4.5). As we show in the appendix, Sturm's theorem for Eq. (2.21) implies that
where g l is the multiplicity of Eq. (2.19) and N l (ω) is the ordinal number of the eigenfunction u nl (r) of Eq. (2.21) for a particular value of the parameter ω. In addition, this ordinal number is related to the number Z l (ω) of zeros of u nl (r) according to N l (ω) = Z l (ω) + 1. Once these characteristic numbers are computed or estimated, g(ω) follows directly from Eq. (4.6). In conclusion, the algorithmic counting of states of Eq. (4.7) can be carried out by any reliable technique dealing with the number of zeros of a Sturm-Liouville equation, as in the implementation we discuss in Sec. 5.
Entropy and Temperature
After the technique for the computation of the density of states g(ω) is defined, we can use this function to evaluate the entropy
with ρ = e −β(:H:−F ) being the density operator. Equations (4.4) and (4.8) imply that 10) where the second line is conveniently obtained from Eq. (4.9) through integration by parts, with the boundary terms being equal to zero. An analysis for r → ∞ in an asymptotically flat spacetime may naively suggest that the minimum frequency is ω min = m; however, the infinite redshift due to the presence of a horizon still provides the correct minimum ω min = 0, even when m > 0, thus guaranteeing the transition from Eq. (4.9) to Eq. (4.10). As we will see in Sec. 6, this result holds even in the presence of the ultraviolet regulator needed to derive the observable entropy. Once this is established, Eq. (4.10) shows that the evaluation and properties of the density of states completely determine the behavior of the entropy. A crucial ingredient in our approach, discussed in Sec. 5, is that the entropy exhibits a singular leading contribution from the horizon. This contribution, S horizon , is directly inherited from g(ω) through Eq. (4.10). Evidently, we are ready to compute and subsequently interpret the leading term S horizon . However, a serious objection to this approach can be raised: the inverse temperature β and the existence of thermal averages appear to be ad hoc, with β being a sort of adjustable parameter. As we will show next, the near-horizon limit of our theory, which is given by conformal quantum mechanics, provides a justification for this otherwise arbitrary choice; in turn, this supports the claim that the thermodynamics is dictated by the near-horizon conformal physics.
For the family of static spacetimes considered in this paper, with a metric of the form (2.3), the temperature can be established uniquely by standard periodicity arguments from finite-temperature field theory, combined with the appropriate use of the near-horizon expansion. This requires going to Euclidean time τ = −it and introducing appropriate transformations in the metric (2.3). As our present objective is simply to derive the correct value of the parameter T H (as opposed to a full-fledged investigation of the behavior of the ensuing finite-temperature field theory), we introduce a coordinate change that yields T H in a direct manner. This transformation is performed on the Euclidean Schwarzschild coordinates (τ, r) and leaving the coordinates on S D−2 unchanged. Specifically, this can be done in such a way that f −1 dr 2 = dρ 2 , by introducing the variable [31] 
The particular coordinate choice of Eq. (4.11) represents the invariant radial distance, which will be used extensively in Sec. 6. As the near-horizon physics of Sec. 3 appears to govern the thermodynamic behavior, we would like to find a companion coordinate α such that the (τ, r) part of the metric takes the two-dimensional polar-coordinate form
This would suggest that the Euclidean metric takes the form R 2 ×S D−2 in the near-horizon region. Then, from the exact definition (4.11), it follows that Eq. (4.12) is satisfied if and only if f (r) dτ 2 (H) ∼ ρ 2 dα 2 . In turn, this condition is guaranteed if
has a nonzero and finite limit with respect to the near-horizon expansion; this nonzero limit in Eq. (4.13) is realized when f ′ + = 0, which is the nonextremal condition (3.3). In addition, Eqs. (4.11)-(4.13) imply that 14) where the integrals are evaluated over one period, corresponding to the periodicity of the "polar coordinate" α, so that dα = 2π. As a consequence, Eq. (4.14) yields the nearhorizon limit
which admits the following simple interpretation within finite-temperature Euclidean field theory. Specifically, the periodicity of the Euclidean time τ , implied by Eq. (4.15), amounts to the realization of thermodynamic equilibrium with a reservoir at temperature T = 1/β. Thus, Eq. (4.15), supplemented by the finite-temperature field theory prescription, leads to the Hawking temperature
Remarkably, this temperature is essentially the reciprocal of the conformal parameter , which unambiguously carries all the relevant information for black-hole thermodynamics. Parenthetically, if the periodicity dτ = β of the Euclidean time were to be enforced in an arbitrary manner, such a choice would fail to reproduce the correct periodicity dα = 2π of the polar coordinate α. Thus, the coordinate frame (ρ, α) verifies the existence of a conical or bolt singularity [32] for an arbitrary choice of temperature. Most importantly, this singularity can be avoided by appropriately choosing the unique temperature T = T H , which is dictated by Eq. (4.15). In this manner, the regularity of the Euclidean theory in the gravitational background (as implied by the near-horizon behavior) makes the identification of the Hawking temperature mandatory.
Moreover, a standard geometric procedure [33] defines the surface gravity on a Killing horizon H from the expression
where the derivatives are evaluated at H and V (x) ≡ −ξ µ ξ µ = f (r) is the redshift factor for the chosen class of metrics (2.3). Therefore, Eqs. (4.16) and (4.17) verify the proportionality relation T H = κ/2π between the surface gravity and the Hawking temperature. The near-horizon conformal approach shows that this proportionality is a consequence of the fact that the conformal coupling drives the thermodynamic behavior of black holes. As a simple check, one can verify that Eq. (4.16) is in agreement with its accepted values for particular cases. Most importantly, from Eq. (4.16), for the Reissner-Nordström metric with scale factor (2.4) in D dimensions [24] ,
is the (D − 2)-dimensional area of the outer horizon. Equation (4.18) includes the familiar result
N being the ordinary four-dimensional gravitational constant and K em ≡ K (4) em . Another important property driven by conformal quantum mechanics can be understood by going back to Eq. (4.12). The periodicity of the attendant coordinate α is manifested by transforming into Cartesian-like coordinates (X, Y ), with X = ρ cos α and Y = ρ sin α, so that dX 2 + dY 2 = ρ 2 dα 2 + dρ 2 . Remarkably, the coordinates (Y, X), in the near-horizon limit, coincide with the Euclidean version (T , R) of the generalized Kruskal-Szekeres coordinates (T, R), up to a proportionality constant. This can be shown by defining τ = −it for the Schwarzschild time, and, similarly, T = −iT for the corresponding Kruskal-Szekeres coordinate, so that
Most importantly, the near-horizon limit determines the required factors within the arguments of the functions in Eq. (4.19), thus providing a unique generalization of the KruskalSzekeres coordinates for the class of metrics (2.3). In addition, these factors are all proportional to f ′ + . In short, the near-horizon coordinate choice that displays the periodicity of the Euclidean time coincides with the near-horizon limit of the generalized Kruskal-Szekeres coordinates.
For our current purposes, this is all that is needed. However, a complete characterization of thermal equilibrium would entail the investigation of the self-consistency of this result within conformal quantum mechanics. In principle, one could verify that the system settles in thermal equilibrium at the Hawking temperature T H , with a characteristic Boltzmann factor [3, 34] exp [−ω/T H ], where T H arises from the conformal coupling Θ at the given frequency ω. One approach that proceeds along these lines is that of Padmanabhan et al. [35, 36] , also based on a Schwarzschild-coordinate description. These issues will be considered in greater detail in a forthcoming publication, with the explicit use of the SO(2,1) conformal effective interaction.
Evaluation of the Density of States

Semiclassical Methods
The fundamental problem posed in the last two sections was the derivation of the thermodynamics, which we have shown can be reduced to evaluating Eq. (4.4) or (4.10), with the Hawking temperature (4.16). Semiclassical methods provide convenient analytical frameworks for the computation of these thermodynamic functions. In particular, a semiclassical approximation suffices for the derivation of the leading near-horizon thermodynamic properties. With this idea in mind, our self-consistent approach to the evaluation of the entropy includes the following major ingredients:
(i) Near-Horizon Expansion. The black-hole entropy arises as the leading contribution S horizon from the near-horizon expansion in Eq. (4.10).
(ii) Subtraction. The usual bulk thermodynamic entropy of the field Φ has to be subtracted out, along with any other higher-order terms in the expansion.
(iii) Conformal Behavior. The near-horizon expansion, required for the precise characterization of S horizon , singles out the relevant behavior of the near-horizon field. The corresponding physics reduces to conformal quantum mechanics in the nonextremal case.
(iv) Semiclassical Approximation. The use of a semiclassical approximation is justified within conformal quantum mechanics, where it reproduces the behavior of some of the relevant observables with asymptotic accuracy.
The first and second points were identified in the pioneering work of 't Hooft [7] , while the third point was dealt with in Sec. 3 and the fourth point will be discussed more extensively in Ref. [28] . There are, however, a number of technical results that precede the evaluation of the entropy: Eqs. (4.9) and (4.10) require the relevant spectral functions N (ω) and g(ω) to be computed first. The subtlety inherent in this sequence of operations comes from the fact it involves the following steps: the near-horizon expansion; the semiclassical evaluation of spectral functions; and the quantum-mechanical reduction of field equations. These steps can be applied sequentially following different orders. In principle, the nearhorizon expansion can be introduced at any stage; in practice, this gives us the freedom to perform it directly at the level of the relevant spectral functions to display the emergence of horizon-induced thermodynamic properties from the SO(2,1) conformal nature of the problem. Once this is understood, the only remaining ambiguity is the order in which the semiclassical approximation and the quantum-mechanical reduction are applied.
If the semiclassical approximation is applied to the fully-radial equation (2.21), then the angular-momentum term acts as a sort of infrared cutoff for the conformal interaction, and Eq. (3.10) is needed; this is the approach we follow in this paper. Alternatively, the semiclassical evaluation could be implemented through the multidimensional equation (2.10) at an earlier stage in the reduction process; in this case, the contribution from the conformal term alone would be required, as can be seen in Eq. (3.11) . The equivalence between these approaches will be discussed in Ref. [28] , where additional details about these dissimilar procedures can be found.
WKB Approximation of the Radial Problem
As a first step, in the semiclassical approximation, the solution to Eq. (2.21) can be written as a linear combination of the familiar outgoing/ingoing WKB wave functions 
is required to deal properly with the coordinate singularity.
The attendant spectral number of states function can be easily computed with the algorithm (4.7), by a direct application of the semiclassical oscillatory solutions (5.1). These wave functions imply that the ordinal number is given by .7), we obtain the D-dimensional semiclassical rule for the spectral number function, 5) in which α max is determined from the right turning point associated with the function k α (r).
As it stands, Eq. (5.5) describes the physics of the scalar field in the gravitational background, including the effects associated with all relevant scales. In particular, it contains its ordinary bulk behavior, as well as the effects of the horizon, which correspond to the sector r ∼ r + . Then, the horizon physics can be conveniently isolated by splitting the integration interval I in the form I = I (H) + I ∞ , with I (H) = [r + , r 1 ] and I ∞ = [r 1 , ∞). This can be accomplished by introducing a coordinate value r 1 corresponding to an intermediate point located neither near the horizon nor "far away" from the black hole, so that x 1 = r 1 −r + ≈ r + . Then, the leading contribution to the spectral state functions N (ω) and g(ω) arising from I ∞ yields the usual bulk thermodynamics of the field, while that arising from I (H) can be handled with the near-horizon expansion. The leading near-horizon term reduces the semiclassical equations (5.2) and (5.5) to the final "conformal" expressions that allow us to display the emergence of black hole thermodynamics, as we will show next.
First, for the conformal interaction (3.8), the Langer prescription of Eq. (5.2) yields the replacement λ 6) according to Eq. (3.7). Thus, from Eqs. (3.10), (5.2), and (5.6), it follows that
(5.8)
It should be noticed that Eq. (5.6) and the first term in the radicand of Eq. (5.7) involve the conformal interaction with an effective "coupling parameter" Θ 2 rather than λ. Second, the angular-momentum coefficient A(r + ) of Eq. (5.8) is needed in Eq. (5.7) to provide the correct contribution to the phase-space counting of states, arising from the S D−2 foliation of the metric. By contrast, the conformal parameter Θ emerges from the near-horizon physics alone and parametrizes the direct influence of conformal quantum mechanics upon black hole thermodynamics. In our subsequent treatment we will keep track of these two parameters, A(r + ) and Θ, and will assess their relative contributions to the relevant black-hole entropy. With this goal in mind, it proves useful to rewrite Eq. (5.7) in the form
where the conformal wave number 10) is modified by the angular-momentum degeneracy factor 12) and [from Eq. (4.6)]
where a radial-coordinate cutoff a is introduced as a regularization procedure. As a final step, exchanging the integration limits, Eq. (5.12) takes the form
14) where B(p, q) is the beta function. In addition,
which can be established either from Eq. (5.12) or from Eq. (5.14). It should be noticed that the parameters A(r + ) and Θ provide homogeneous contributions to the spectral number function (5.14) and density of states (5.15 ). The precise scaling of these factors in Eqs. (5.14) and (5.15) will be shown to lead to the Bekenstein-Hawking entropy in Sec. 6.
Divergence and Nongeometrical Nature of the Coordinate Cutoff
Equation (5.14) clearly displays the anticipated interplay between the conformal parameter Θ and the angular-momentum coefficient A(r + ). Unfortunately, two major flaws of Eq. (5.14) prevent any direct meaningful application of this formula. First, the integral in Eq. (5.14) is divergent, when the limit a → 0 is taken. Moreover, this singular behavior is transferred to the values of all thermodynamic functions, including the entropy (4.10). This divergence signals the existence of new physics near the horizon and requires an appropriate regularization of the theory. The simplest regularization procedure consists of the use of the radial cutoff a as a finite adjustable parameter.
Second, as we will discuss further in the next section, the thermodynamic functions should be rewritten in terms of physical observables, a procedure that amounts to the renormalization of the theory. At first sight, it would appear that the divergence in Eq. (5.14) and the thermodynamic potentials can be prevented by the naive introduction and subsequent reinterpretation of a. Nonetheless, this attempt to avert the divergence leads to another problem: the cutoff a is merely a coordinate assignment, which is devoid of intrinsic geometric meaning and calls for an appropriate replacement.
Fortunately, there is a simple way of treating the divergence and the noncovariant nature of a simultaneously. This solution involves the concurrent use of two procedures: real-space renormalization combined with a geometric redefinition of a. In particular, the brick-wall model of Ref. [7] provides a convenient way of implementing this twofold treatment in what amounts to a relatively simple form of real-space regularization. This is the problem to which we now turn.
Geometric Description within a Generalized Brick-Wall Model
The divergent behavior of the spectral number of states (5.14) and of the associated thermodynamics has a simple physical interpretation. The framework provided by quantum fields in a gravitational background is but an effective theory that calls for modifications in the ultraviolet sector, as the event horizon is approached. In a generic sense, this is precisely the ansatz described as 't Hooft's "brick-wall model," according to which the relevant part of the entropy S in Eq. (4.10) arises from a "thermal atmosphere" extending a few Planck lengths above the horizon, and whose ultimate origin is to be found in a full-fledged quantum theory of gravitation.
Specifically, an ultraviolet cutoff a in Eq. (5.14) and similar expressions provides the simplest characterization of the effective nature of the framework defined by a field action (2.1) in a gravitational background (2.3), as revealed by the near-horizon expansion. In the generic sense described in the previous paragraph, a gives an approximate coordinate value leading to a scale for the transition to more fundamental short-distance physics. However, care must be exercised in the description of the corresponding physical length scale, which cannot be the "coordinate cutoff" a in curved spacetime: this cutoff is merely a particular assignment of the Schwarzschild coordinate r. Instead, the physics and effective behavior of the quantum fields should be limited within an invariant "geometrical elevation" h D away from the horizon. The definition and near-horizon expansion of this elevation are given by
In a more restricted sense, the regularization of the theory can be implemented by enforcing a boundary condition at the location defined by the coordinate parameter a. In particular, the use of a Dirichlet boundary condition
provides a sharp cutoff in the integral of Eq. (5.14). This assignment can be viewed as a direct consequence of the selection of a left turning point in the implementation of the semiclassical evaluation of Eq. (5.14). However, the existence of fairly general results in conformal quantum mechanics, which are independent of the selection of the "ultraviolet physics" [30] , suggests that distinct boundary conditions and regularization procedures are likely to yield the same physics.
With these introductory concepts, we now set out to regularize the entropy (4.10), by an appropriate treatment of the near-horizon expansion (5.14) of the spectral number of states function. As we will show below, in this generalized brick-wall model, the conformal contribution is expected to reduce to the familiar Bekenstein-Hawking entropy. The only additional requirement for this identification, in agreement with 't Hooft's original proposal, appears to be that the invariant scale h D induced by the coordinate cutoff a be of the order of the Planck scale. This again confirms the validity of the approach: the relevant degrees of freedom leading to the thermodynamics appear to arise from a quantum gravitational description at the fundamental Planck scale. Let us now see how this program is implemented within the framework of conformal quantum mechanics for the generalized class of metrics (2.3) .
An important first step in this program is the geometrization of the theory, starting at the level of the spectral number of states function of Sec. 5. In addition, in this section, we display units with respect to the D-dimensional Planck length ℓ
, in order to highlight the interplay of physical scales leading to the emergence of the fundamental thermodynamic results. Then, a dimensionless proper distance from the horizon is introduced [39] ρ(x) = ℓ
In particular, the geometrical elevation (6.1) can be identified as h D = ρ(a). It should be noticed that this variable ρ is the dimensionless counterpart (i.e., in Planck units) of the invariant radial distance defined in Eq. (4.11) and used for the temperature determination.
Correspondingly, Eq. (6.3) permits the geometrization of the spectral number of states function (5.12), which takes the form
where the angular-momentum degeneracy is described by the weight function
In Eq. (6.4), the higher-order terms of the near-horizon expansion were omitted-a procedure we will follow hereafter. In addition, the angular-momentum cutoff needed in Eq. (6.5) becomes 6) as follows from Eqs. (5.8) and (6.3). Equation (6.4) shows the interplay between the angular-momentum local degeneracy weight of Eq. (6.5) and the purely conformal contribution
which would otherwise lead to a universal conformal logarithmic counting of states, provided appropriate cutoffs are introduced [30] . In contrast to this logarithmic behavior, in the case of black-hole thermodynamics, the angular-momentum degeneracy weight changes the distance scaling in Eq. (6.4), due to the additional dependence implicit through Eq. (6.6).
The emergence of the familiar thermodynamic results can be seen most easily by recasting Eq. (6.5) in the form 8) where C D is a numerical constant, whilê 
Equation (6.8) shows the presence of two distinct contributions, in addition to the numerical constant C D : the "holographic factor"Â D−2 /4 and the factor associated the "conformal part" of the angular-momentum cutoff, i.e., (Θ/ρ) D−2 . For the large class of metrics considered in this work, the holographic factor appears to arise from a straightforward phase-space contribution that can be traced to the horizon hypersurface. In turn, the "conformal part" of the angular-momentum cutoff factor is due to the competing effects of the conformal interaction, parametrized via the effective coupling Θ 2 , and the angularmomentum term. Correspondingly, from Eqs. (6.4)-(6.9), it follows that 11) where
is a numerical constant arising from phase-space counting of states and from measuring the cutoff elevation h D . The attendant spectral density of states, from Eq. (6.11), becomes The geometric renormalization of the spectral functions, leading to Eqs. (6.11) and (6.13), transfers to all thermodynamic quantities. In particular, this procedure should apply to the entropy (4.10). The fundamental concept already displayed by Eq. (6.13), is that the entropy is a surface contribution purely induced by the horizon: it is a (D − 2)-dimensional feature. Our derivation shows this property in its most transparent form, as arising directly from the summation over angular-momentum degrees of freedom. Indeed, this is a manifestation of the fact that the angular momentum is a feature of S D−2 . In short, this suggests the remarkable property known as holography, whose realization for the black-hole entropy appears to be related to the conformal nature of the near-horizon expansion. Substituting the density of states (6.13) in the generic entropy formula (4.10) leads to
is the expected Bekenstein-Hawking entropy, while Eq. (6.14) while 17) with the integral
evaluated in terms of the Riemann zeta function ζ(z). The entropy (6.14) reduces to the expected holographic result (6.15) but only after two additional identifications are made. First, the factor 4π/(βf ′ + ) D−1 can be set equal to unity, as this is just the Hawking-temperature assignment (4.16). The second identification involves the additional factor (6.17), which should be set equal to unity; this condition determines the "elevation" P .
In conclusion, the entropy (6.15) follows quite naturally within conformal quantum mechanics and requires a real-space regulator whose concomitant invariant distance is of the order of the Planck length. Moreover, our derivation shows two important features: (i) the entropy is a (D − 2)-dimensional property induced by the near-horizon expansion and implemented through the angular-momentum phase-space counting of states; (ii) the temperature is purely conformal and completely determined by the near-horizon expansion. These universal properties are unambiguously driven by the near-horizon symmetry and apply to a large class of black holes and any number of dimensions, thus suggesting the existence of an underlying order arising from the Planck scale. The implications of this suggestive result will be further explored elsewhere.
Conclusions and Outlook
In this paper we have considered the near-horizon conformal symmetry of a black hole represented by a fairly general class of metrics, and described the inevitable emergence of thermodynamic behavior induced by the existence of an event horizon. Specifically, we have rederived the Hawking temperature (4.16) and Bekenstein-Hawking entropy (6.15) almost exclusively from this conformal symmetry. The ensuing symmetry-based characterization of the thermal nature of black holes traces the singular behavior of thermodynamic quantities to the physics within a "Planck-length skin" surrounding the horizon. In addition:
(i) Our work provides strong additional evidence supporting the remarkable claim that the quantum-mechanical degrees of freedom of a black hole originate physically from its horizon and should fully manifest themselves within about a Planck scale of that hypersurface.
(ii) This calculation unambiguously shows the need for new physics at the Planck scale, manifested through the existence of an invariant radial distance from the horizon where the theory breaks down.
(iii) This framework may prove useful in identifying the relevant parts of quantum gravity that are responsible for the universal thermodynamic behavior of black holes.
Some final remarks are in order. First, the brick-wall procedure appears to suggest that the quantum fields cannot have degrees of freedom between the wall and the horizon; consequently, its precise physical interpretation still remains elusive and points to the need for new physics [40] . Second, the near-horizon conformal symmetry appears to be central to black hole thermodynamics, even though its physical interpretation and relationship to spacetime symmetries of quantum gravity remains unclear. In this context, it would be useful to uncover the meaning of our construction within a more geometrical approach and fully exploiting the power of conformal field theories, as suggested by the intriguing work of Refs. [13] and [14] .
A. Sturm Theorems and the Correct Evaluation of the Number of Modes
The goal of this appendix is to reduce the computation of the spectral number of states function N (ω), Eq. (4.5), to the straightforward counting of nodes of the differential equation (2.21). This can be easily accomplished by considering the Sturm oscillation theorems [41] .
In particular, when applied to Eq. • Equation (2.21) admits an infinite number of eigenvalues.
• The "eigenvalues" λ ≡ ω may be arranged in increasing order of magnitude. Consistent with the notation of the paper, this amounts to an increasing arrangement of ω nl .
• The corresponding eigenfunctions u nl (r) can be characterized by the number Z l (ω) of zeros or nodes (excluded the end points). Specifically, the number of eigenfunctions up to the value ω is N l (ω) = Z l (ω) + 1.
As a result, the cumulative number of solutions can be computed from these theorems as If this problem is now considered within the framework of ordinary quantum mechanics, then the number of states is N (QM) (E(ω); λ ), with λ = ω 2 becoming a coupling constant for part of the effective interaction and E being the relevant "eigenvalue" parameter. However, due to the Sturm theorems discussed in this appendix, the number of modes labeled by the "eigenvalue" ω, i.e., the function N (ω) considered above, satisfies the identity N (ω) = N (QM) (E(ω); ω 2 ). As a result, there is no ambiguity in the algorithm used in the main text, which is based on the computation of the spectral number of states N (ω) by the WKB method. By contrast, if the spectral density of states g(ω) were evaluated within this framework, one would have to consider the differences involved between the two relevant quantities g (QM) (E; ω) ≡ ∂N (QM) (E; λ) ∂E where the second term in g(ω) arises from the frequency dependence of the effective coupling λ.
Finally, for all practical purposes, when the conformal regime is considered, the actual value of the effective energy E is negligible and becomes irrelevant. This amounts to the simple assignments E eff = 0 and V eff (r) = −I(r), from which the associated spectral number function becomes N (ω) = N (QM) (E = 0; ω 2 ). In particular, within the limits of applicability of the near-horizon expansion, when the effective potential V eff (r) consists of a conformal interaction modified by the angular-momentum term, any finite value of E eff can be regarded as negligible.
